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If a group contains substitutions of degree p but none that displace fewer

letters, the identity excepted, p is said to be its class, t The same term is

unfortunately used with a different meaning in the theory of prime power

groups.

In substitution group theory the two problems of the order and of the

class of groups of given degree are in large measure interchangeable.\ For

this reason Bochert's inequalities, limiting the degree n of a multiply transitive

group in terms of its class p are second in importance only to Sylow's theorem.§

Bochert's theorem may be stated as follows.||

The class ( > 3 ) of a substitution group of degree n exceeds \n — § Vñ if it

is doubly, \n — 1 if triply, \n — 2 if quadruply, transitive.

In the proof of this theorem Bochert introduces the condition that the

class is a given number by means of the commutator of two non-commutative

substitutions. Now the commutator is only one combination out of many

that may be made from the substitutions of a group ( G ) and is by no means

always one of the substitutions of lowest degree in G. In the hope of pene-

trating more deeply into this matter the author has assumed the presence of

substitutions of order 2 among the substitutions of lowest degree in G and

thereby gains the advantages that are afforded by the simplicity of structure

of diedral rotation groups.    The principal result arrived at may be put thus :

1. Theorem. Let n be the degree and p(>2)the class of a group that contains

a substitution of order 2 and degree p ; then if it is

doubly transitive

triply

àt-ply
h-ply
ñ-ply
7-ply

p > \n — \ Vn — 1,

Mi=èU + i),

M >în,

p S{fn,

* Presented to the Society, Nov. 25, 1916.

t Jordan, Paris Comptes Rendus, vol. 72 (1871), p. 384.

t See these Transactions, vol. 16 (1915), p. 139.

§ Jordan, Journal de mathématiques, ser. 5, vol. 1 (1895), p. 35.
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more than pi + p2 + • • • + Pr times transitive, where pi,p2, • • ■ ,pr are distinct

odd primes (r > 1),

(Pl-l)(p2-l) ■■■ (pr-l) -1

li>     (p1-l)(p2-l)...(pr-l)     n-

The diedral groups

2. The auxiliary theorem by means of which this will be proved is the

following:

7/ the order of a group of class p generated by two substitutions s and t of order 2

and degree p is divisible by each of the odd primes pi, p2, • • •, pr, its degree n

does not exceed p + p/(pi — 1) (p2 — 1) • ■ • (pT — 1); if the order N of st is

odd or is divisible by 4, n does not exceed p + 2p/N; if N ( > 2 ) is twice an

odd number, n is not greater than p + 2p/N + 8p/N2.

If we erase from {s,t], of degree n, the £ letters of all the regular con-

stituents of {s, t] which involve letters displaced by both s and t the group in

the remaining constituents is of degree n — £, of class p — £, and is generated

by two similar substitutions of order 2 and degree p — £. Then if the the-

orem can be shown to be true for diedral groups satisfying the given con-

ditions, but in which the regular constituents, if any, are of order 2 and ex-

hibited by transpositions of s (or t ) in letters fixed by t (or s ), it is a fortiori

true when regular constituents on letters common to s and t are present.

It may be noted that if pa is a Sylow divisor of N, i. e., the highest power of

the prime p that divides the order of st, and if pa divides the degree of a regular

constituent of {s, t] it must also divide the degree of some non-regular con-

stituent of {s, t]. If this is not so, (si)^ involves no letter not in a regular

constituent of {s, t] and is not the identity. Thus the degree of (st)NIP

is at least p and cannot exceed £ ; but if £ = ju the truth of the theorem is not

in dispute. Consequently the deletion of the regular constituents from the

group {s, t] leaves a group of the same order. In what follows the group

{s, t] under discussion will be assumed free from any regular constituent on

letters common to s and t.

The transitive constituents of {s, t] may be enumerated as follows. In

s there are mi cycles that displace letters not in t, and t has m2 cycles that

displace letters not in s; let m = mi + ra2. There are y¡ constituents of

degree Yj and order 2 Y¡, Y, an odd number, j = 1, 2, • • •. There are z'k

transitive constituents of degree Zk and order 2Zk, Zk even, k = 1, 2, • ■ •,

with the generator of degree Zk in s and the generator of degree Zk — 2 in t.

In like manner there are zk constituents of the same order Zk with Zk — 2

letters in s and Zk letters in t; let zk = z'k + z'k . The numbers Y\, Y2,

are all the odd divisors of N, unity excepted, and the numbers Zi, Z2, • • ■
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are all the even divisors of N, with the exception of 2. We recall that a non-

regular transitive diedral rotation group of degree n is of class n — 1 if n is

odd, and is of class n — 2 if n is even. In the latter case the two generators

of order 2 are not similar substitutions. Of course some of the numbers

2/i,2/2, • ■ • , z'i, z2, • • •, z'i , z'i, • • • may be zero.   The degree of s is

2mi + £&( Yj - 1) + 2*,z„Zk + X>i'(Z» - 2),

and the degree of t is

2m2 + £ yj(Yj - 1) + E ^(Zk - 2) + £ z'„' Z*.

The summations extend the subscripts through their entire range of values.

With this understanding we may omit the subscripts j and k in future and

introduce these abbreviations:

Ei^Zy(Y-l),      Fim-£z(Z-l),
and similarly

ro^ Ea + Fa = Zy(Y-a) + Zz(Z-a).

Then the degree of {s, t\ is 2m + T0 which on the elimination of 2m becomes

2p - T2; for

- 2rx + To = E 2/T - E (22/T - 2y) + £ zZ - £ (2zZ - 2a)

= -Z2/(T-2) -£«(Z-2) = -r2.

3. If si is of odd prime order it is obvious that n = p + p/(p — 1).

Let si be of order pa, p anj/ prime and a > 1. Let {s, t} have Xi transitive

constituents of degree p', i = 1,2, ■ ■ ■ , a. From (st)pa we get the equa-

tion,
paxa = p + ha,

from (st)pa~2,

pa_1 za_i + p" ¡r. = m + Aa_i,

from (st)pa~3,

p°-2 za_2 + pa_1 *a_i + pa ar. = M + h-2,

from (si)p,
p2 x2 + p3 Xi + ■■■ + paxa= p + h2,

while
pxi + p2 Xi + •■■ + pa xa = p + 8,

and
(p-l)xl+(p2-l)xi+ ■■■ +(pa-l)xa=p.

Here A2, A3, • • •, Aa, 8, are positive integers or zero, and p + 8 is the degree
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of {s, t}.    These a 4- 1 equations are consistent, their éliminant must vanish,

and when equated to zero and reduced it gives

8=p/p-Hp-l) -ilk/pi-K
<=2

Then if st is of order p* ( a > 1 ), the degree of {s, t] does not exceed

p 4-P/P*-1 (P - 1).

4. Let N = 2pa, where pa is a power of an odd prime. Let y and z be the

number of transitive constituents of degrees pa and 2pa respectively in {s, t].

Then from (st)N'p and (st)1"2 we have

pay 4-2paz = p4-h,

2m 4-2p°-z = p 4-k - F0,

2m4-pay4-2p*z = p4-8-T0,

m4-(pa- l)y + (2p"- 1)2 = m-Ti-

and

with

By F0, To, and Ti is meant the summation explained above but with the

exclusion of constituents whose degree is divisible by pa. The meaning of

h, k, and S is the same as before. They are positive integers or zero. The

éliminant of m, y, and z is

0 pa 2pa

2 0 2pa

2 pa           2pa

1 pa - 1    2pa - 1

p 4- h

p 4- k - F0

P 4- 8 - f o

P-Ti

= 0.

This reduces to

(pa - 1)8 = p - h(p" - 1) -k- (Eo4-paT2),

whence we conclude that when the order of st is twice a power of an odd prime,

its degree does not exceed p + p/(pa — 1 ) •

5. Let N = pi p2 • ■ ■ pr, the product of r distinct odd prime factors.

There is at once the equation

Ei = p,

and there are SSi rCi = 2r — 1 equations given by the 2r — 1 powers

(st)NliPiP>'•"), which is in no case the identity.but is of degree p + hi}..., where

the quantities hy... are positive whole numbers or zero. Let 5 = hi2...r, a

constantly recurring quantity since p + 8 is the degree of si or of {s,t\.

Now (st)NIPiPi, say, involves letters from and only from those transitive con-
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stituents of {s, t} whose degree contains p¿ or p> as a factor, and so on for

other combinations of the primes pi,Pi, • • • ■ The equation given by (st)NIPiPt

when r = 3, for example, is

Pi 2/1 + P2 2/2 + Pi P2 2/12 + Pi Pi 2/13 + Pi Pi 2/23 + Pi P2 Pi 2/123  = M + ¿12 •

There are 2r — 1 variables yx, • • ■ , yu, • • • in the 2r equations. Replace

these equations by an equivalent system got by replacing the first, Ex = p,

by ¿J0 — Ei = 8 and the last 2r — 2 by themselves less the second, E0 = p -f- 8.

The éliminant of these equations is

1     1     1      ••• 1 1 8

Pl     Pi     Pi       ■■■       Pi Pi  • ■ ■  Pr      PlPi  ■••  Pr M + 8

0        Pi      p3       ••■       Pi p3  ■ ■ ■  pr     PlPi  ■■■  Pr       -  Ai + 5

Multiply the first row of this determinant by pi p2 • • • pr and then divide the

first column by pi, the second by p2, ■ • •, the ( r + 1 )th by pi p2, • • •. Then

we have

PiPi  ••■ Pr      PlPi'"  Pr      •■■      Pi      Pl      1      PlPi  •■•  Pr8

1 1 •■•111 p + 8

0 1 • • •    0     1     0       - hi + S      m 0

1 0 • • •    1     0     0       - A2 + S

For the sake of convenience of reference we may call the row in which A,-,

hij, • ■ • occur the A,-row, the Ati-row, and so forth. Then the law of the

formation of the last 2r — 2 rows is evident: a term in the A¿-row (except

8 — hi) is unity if the term above it in the first row contains p¿ as a factor; a

term in the AtJ-row is unity if the term in the first row above it contains pi pj

as a factor, and so on; otherwise it is zero. For wherever a zero is found in

the hijk-row of the determinant there was a term pt p,- p& i/>;j¿ in the original

equation, from which was subtracted Eo = p + 5, and this product pi p¡ pk

we divided out from every term of the column corresponding to yijk, thus

leaving pi p2 ••• Prf(piPjPk) in the first row directly above the zero in

question. The present units correspond to zeros in the original equations.

For the sake of clearness it may be well to write out the determinant for the

case r = 3 :
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Pz Pi    Pz Pi    Pi Pi    Pz    Pi    Pi    1    pi Pi pz 8

1 1 1        1      1      1      1       ju + 8

0

1

1

0

0

1

1

0

1

0

1

0

1

1

0

1

0

0

0

0

1

0

0

0

1

0

0

1 0

0 0

0     0

0

0     0

0     0     0

0

0

0

5 - Ai

8 — h2

8 - A3

8 — Ai2

8 — Au

8 — h23

= 0.

Now multiply the second row by — 1, the A,-row by — ( p< — 1 ), the A,-3-row

by — ( Pi — 1 ) ( Pi — 1 ), • • • , and add them all to the first row. The sum

in a typical column, the ^...jt-column, is

PiPi Pk -[i+è(p<-i) + * e* (Pi-i)(pj-i) +

+ (pi-1)(Pi-1) ■■■ (Pk-l)]

= Pi Pi • • • Pk - (pi - 1 4- 1) (Pi - 1 4- 1) (p*-l + l) =0.

This gives zero in every term of the first row except one.    From the addition

of the elements of the last column we have

8[pip2 ••■ pr - 1 - 2(Pi - !) - X(Pi - 1)(P2 - 1) - •••

-E(Pi-l)(P2-l) •■• (Pr-i-1)]

-ß4-Tlh(pi-D4-Tlhu(pi-l)(Pi-l)4- ■■■ =0.

Hence when the order of st is the product of r distinct odd primes pi,Pi, • • • ,pT,

the degree of {s, t] does not exceed

p4rp/(pi-l)(pi-l) ■■■(pr-1).

6. Let N = 2pq, where p and q are two distinct odd primes.   The follow-

ing five equations can be written down:

from s and t jointly,

from st,

from (st)pq,

from (st)29,

from (st)2p,

m + Ti = p,

2m 4-To = p 4- 8,

2m + Fo = p + h,

To - qyi - 2qz2 = p 4- i,

To - pyi - 2pzi = p+j,
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where 8, h, i, and j are positive whole numbers or zero.    The elimination of

m, yx, Zx, and z3 gives

1 p-1    2p-l    2pq-l    p-(q-l)y2-(pq-l)ys-(2q-l)z2

2 p 2p 2pq p + ô - qy2 - pqy, - 2qz2

2       0 2p 2pq p + h - 2qz2                                        = 0,

Op 2p 2pq p + i - pqyi

0       0 0 2pq p + j - qy2 - pqy3 - 2qz2

which reduces to

- p + q(p - 1)5 + qh + (p - l)qi + (q - l)j + q(pq - 2p f l)y2

+ pq(q-l)y3+2q(q-l)(p- l)z2 = 0;

whence 5 2i p/q ( p — 1 ). If the order of st is twice the product of two distinct

odd primes the degree of {s, t] does not exceed

p+p/[q(p- 1)].

This case is needed in the proof of our theorem only when one of the two odd

primes is 3.

7. Now let N have at least two prime power factors the smaller of which

is greater than 3. N = pa qß <j>, where p and q are distinct primes and <j>

is unity or a number relatively prime to p and q.   We start from

p + 8 = 2p - T2.

The powers (st)NIP and (st)*1* give

r0(*,o) + r0(*, *) = p + h,

r0(o, #) + r0(*, *) = ß + i,

where A and i are positive whole numbers or zero, and Ta ( *, 0 ) is to be under-

stood as equal to £?/ ( Y — a) -f- Sz (Z — a), the summation extending

however only to those constituents of [s, t\ whose degrees are divisible by pa

and not by qß. In Ta ( 0, * ) the summation extends to the constituents

whose degrees are divisible by qß and not by p", while in Ta ( *, * ) the

summation extends to constituents whose degrees are divisible by both pa

and qß      Thus

r„ = r„(*, *) + ro(*,0) + ra(o, *) + ro(0,0).
Then

h + i , r0(*,o) + r0(o, *) , ^,
0 = - M - —o" +-s-h To ( * , * ).
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Multiply by (paqß - 2)/(paqß) and add to

p + 8 = 2M-r2(*,o) - r2(o, *) - r2(*, *) - r2(o,o),

with the result (writing ir for pa qß )

p + 8 = p + 2p/r - ^ i±i - r-±* r;w(„+2) -1 r; - i*>.

Here the new symbol r(j° is introduced (k = 0,1,2, •••). It is to mean

the sum ra ( *, 0) + Ta (0, *) when k = 1, ro(#,#) when k = 2,

ro ( 0, 0 ) when fc = 0. It will presently be used when more than two prime

powers are in question. Then r(„3), for example, shall be the sum of all the

quantities which, like ra ( #, *, *, 0, •••) contain three stars in the

parenthesis.    Returning to the proof of the last result,

^^ro(*,o)-r2(*,o) = e(^¿^t- 7 + 2)1/

Wr        4tt   \ T + 2r
Z^ l ¿ — 7r4-2/Z— —    27T      4,r/(,r+2> ( * «    ) '

IT + 2

2tt
and similarly

"^-iV*, *) - r2(*, *) = --r„(*,*) = --r».
ir it it

The summations X) are to be taken in accordance with the symbol r0 ( *, 0 )

or To ( * , * ).    Hence in this case n s§ p + 2p/ir.

8. If qß =3 and p" > 3, we may proceed as follows :

n = 2p - T2 + Sp~A~ P-- h + To ( * , 0) + r0 (*,*))

+ ™L-(-M-¿ + r0(o, *) + r0(*, *)),

n =2p - r2+!L^(-M -A + r0(*,o)+ r0 (*,*))
IT '

+ -{- P -i + To (0, *) + To (*, *))

2¿¿ 7¡-   —   fi 4 7T 7T   _  4

= m + — -——A-z*-fi r.^(*,o) -—— iw^co, *)
IT 7T 7T

--r„(*, *) - r2(o,o).
IT
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Hence n is not greater than p + 2p/ir.

9. Next, let N have at least r (r > 2) Sylow divisors each of which is

greater than 2 : N = irfa, where tr = p*1 p22 ■ • ■ p?, the product of powers of r

distinct primes, and where cp is relatively prime to it. From the r sub-

stitutions (st)1*""" , k = 1, 2, • • •, r, we have r equations which when added

together give

- rp - ¿ h 4- ¿ kW = 0.

Multiply this equation by (w — 2)/nr and add to

n = 2p - ¿ If>,

whence

2m     ^2fe + T(r-fe) 7T - 2 ^ ;
Îl_M+^~S r,r lW*+(r-*),,] -    rx    ¿.Afc.

If/i - 0,

2fc + (r-fc)^-^'
and if fc = r,

2rx_

2fc + (r -Fhr- ir;

since r > 2, and 7r — 2 < nr/3, we have for k = 1,

2n

2 + (r- 1)tt
When 1 < k < r,

<3.

2nr 2r
<-r < 2 ( i + 1 ) < 3 • 4 • 5 • • • to fc factors.

2k 4- (r - k)w     r - k

It follows at once that the greatest possible value of n in this case is p + 2p/w.

The results of the last three paragraphs may be stated thus:

If the order of st has r ( r > 1 ) Sylow divisors, no one of which is the first

power of 2, and whose product we call w, then the degree of {s, t] does not exceed

P 4- 2p/ir.

10. There remains to be investigated the limit of n when N is twice an

odd number ( ir ) in which there are at least two prime power factors.

If 7T = p* ■ 3, we have already before us

2p     4%     TT — 6        it — 4
n = M+-h-r2„/(„_4)(0, *)

7T 7T 7T TT

--r„/3(*,o) -2z-r2(o,o),
IT
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where z is the number of transitive constituents of degree 2ir in {s, t}.    Now

(st)" gives
2m + F0 = p + j,

where j is a positive integer or zero; expanding this,

2ttz4-F0(*,0) 4-Fo(0, *) +f0(0,0) = ß+j - 2m.

Substitute this value of 2z in the expression for n above, and obtain

»-M+^H—^--£,/»(*, 0) -^-£2„/Or_4)(0, *) -£,(0,0)

-^^5(*,0)-^^F2W(,_5)(0,*)-^-1^-1>(°'0)
7T IT 7T

■¡r - 6    _ 44 _ i

ir ir      ir

Now

2m + r0^M+-,
IT

as has been proved, while r0 i£ ß.    Hence

and therefore

2p 2m_2p
2m == —,

IT

n = M H-hi-
ir     ,7r

11. When iV = 2-jr is twice an odd number which is the product of two or

more prime powers each of which is greater than 3 we may use the formula

2M     tt-2^ ^2k4rw(r-k)

ir rir    k=\ k=0 rir

where z is the number of transitive constituents in {s, t] of degree 2ir.    From

(sty we have
r-l

- 2ttz = - m - j 4- 2m + E Ff>
4=0

(j a positive integer or zero), which when substituted for 2z in the preceding

expression gives

p     2m     yi 2k + ir ( r - k )
n   =   p  +-h ¿-I ~ Ä2rir/[2*+(r-*)ir]

7T TT ;i=o ^7T

^2fc-r + ,r(r-fc) j_      ir - 2 ^
—  Z^ __ -T2rw/[2t-r+w(r-*)]   _        — Z^ «

-0 fir l v       'J 7T 7-7T       k=l
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It is necessary to show that

2n

2k - r + ir(r - k)
<2-3-5---tofc-r-l factors.

If k = 0, the difference Z — 2x/(ir — 1) is positive since 6 is the least

possible value of Z. If k = 1, we must have 2rir/(2 — r + rir — x) < 6,

that is 2rx - 3r - 3tt + 6 > 0, or 2 (r - 2) (ir - § ) + it > 0, which is

certainly true.   Finally for 1 < k < r,

rir it

2k — r + ir(r — k)     ir — 1 r — k

<(l+ïèî)(*+l)

< 2 (& + 1 ) < 3* < 3 • 5 • • • to fc factors..

Just as in the preceding paragraph we now draw the conclusion that

^      .  P . 2m
n = >i + x + V2-

When the order of st is twice an odd number w divisible by two or more distinct

primes the degree of [s, t\ is not greater than p + p/ir + 2^/ir2.

12. This result is significant in the proof of the present theorem when ir is

the product of two or more distinct odd primes. In this event it gives a limit

for n that is lower than the limit found when the order of st is TH=l pk, for

1 2 1
+ ^Tr-"I <■nup* ' iLU p*   nu (p* - i)'

In fact,
1 2 1

<
LIU pk r Ili-i pl    (px - 1 ) FLU Pk'

It has now been proved that if the order of st is divisible by the odd primes

Pi, P2, •• -, Pr its degree is at most p + p/(px - 1) (p2 - 1) ••• (pr - 1),

and that if its order is 2", a > 1, its degree does not exceed p + n/2a~l.

Then the theorem follows as stated even when {s, t} has regular constituents

in letters common to both s and t.

The general proposition that the degree of a group of class p generated by two

non-commutative substitutions of order 2 and degree p is at most %p, is covered

by this theorem.*

*Bulletin of the American Mathematical Society, vol. 20 (1914),

p. 469.
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Multiply transitive groups

13. Let G be a p times transitive group, p an odd prime.    By hypothesis

there is in G a substitution s of order 2 and degree p :

s = (a0a2) (a3ai) ■ ■ ■ (ap-2 a^i) ■ ■ ■,

and by reason of the fact that G is more than p — 1 times transitive, there

is in G a second substitution s' similar to s :

s' = (a0a3)(a2a&)(a4a7) ■■ ■ ( ap_3 - ) • • • ( dp_i ).

If the blank space that follows ap_3 in s' is filled by a letter new to s, the product

ss' has at least one cycle of p letters. Transform s' by all the gp-i substitutions

of the transitive subgroup of G that leaves fixed the letters a0, a2, • ■ ■ ap-i.

Each of these gp-i transforms s', s", • • • has in common with s the p — 2

letters a0, a2, • • •, Op_2, and x other letters. It is easy to calculate ^,x for

these <7p_i substitutions s', s", • • •. Any letter, not a0, a2, • • • , or a-p-i,

is found as often in the set as any other. There are in the cycle ( dp_3 — )

and in the last §m — \ ( P ~ 1 ) cycles of the substitutions of the set s',

s", • ■ • (p — p + 2)í/j,_i such letters.    Hence there are

(p - p + 2)gp_i
n — p + 1

substitutions among s', s", ■ • ■ that contain a given letter (not a0, a2, ■ ■ ■,

Up—i ).    Therefore

(1) X> = (ß - P + D^'^pl^1 =(p-p + D(p-p4-2)gp.
But in the set s', s", ■ ■ ■ there are exactly (n — p)gp substitutions which

replace ap-3 by a letter new to s, and (p — p + l)<¡rp that replace ap-3 by a

letter of s.   Then

(2) E   {p-°-+x)^{l-f-~(n-p)gP,

(3) D     (p-2 4rx)^\p(p~p4-l)gP.
(iL-P+i)gp

A word of explanation should perhaps be added. Since all the substitutions

s', s", • • • fix ap_i, all are non-commutative with s. Moreover, when s'

(say) replaces ap_3 by a letter new to s, ss' contains a cycle of degree p. It

has been proved above that in the latter event *' has at most p/(p — 1)

letters new to s, whence it follows that the number of letters common to s'

and s cannot be less than p — p/(p — 1 ) = (p — 2)p/(p — 1 ). Then on

the addition of (2) and (3),

Z^s (ij~r -p +2)(« - ">fc. + (§ - p + 2)(m - v + i)fo;
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put for £cr its value from (1),

p - 2
(p - p + l)(p - p + 2)gP=pzrj(ß - p + l)(n - p)gp

+ (%-P + 2)(»-P + l)9r,

or, on division by (p — p + l)gp, which is not zero because p > p,*

ß-p + 2^^2l(n-p)+r2-p + 2,

/■<     p-2        v-2

2     p — 1        p — 1
whence finally,

2p - 4
" = 3p~^5W-

If p = 3, that is, if G is triply transitive,

n
" = 2-

It will be recalled that the holomorph of the elementary abelian group of

order 2" ( a > 1 ) is a triply transitive group of class 2a_1, in which all the

substitutions of degree 2a~1 are of order 2.

14. If p = 5, this limit is
ß =%n.

Whenever p is not divisible by 12, this may be replaced by

3n + 4

For those substitutions s', s", • • • which replace ap_3 by a letter of s cannot

have so many as p/2 letters in common with s unless such a product as ss'

is of order 6.    The three equations

m + 2y + 5z = p,

2m + 6z = p,

3y + 6z = p,

give on solution z = m/12. Hence if p is not divisible by 12, no product

ss', ss", • • • is of order 6, and in consequence

-4)05 \Z /(n-4ta>

* Jordan, Traité des substitutions, 1870, p. 64.
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whence
3íi + 4

I» S—5-.

15. If p = 7, no product ss' ,ss", • • • is of order less than 8 when s' (s", • • • )

replaces ai by a letter of s. Then for the (ß — 6) #7 substitutions of the

set s', s", • • • which replace a* by a letter of s, we have

E   (5 + x)^iß(ß-6)g7,

which added to
E   (5 + x) S §p(n - p)g7,

(»-/<.»7

gives on reduction

ß ̂  Hn.

16. Let it be assumed that G is more than p times transitive, p an odd

prime.   Then besides

s = (a0 a2) (o3 a4) • • • (dp_2 ap-x) • ■ • (ap)

we have
s' = (a0o3) (o2 a6) • • • (op_3ap) • • • (ap_i).

The transitive subgroup Gp of degree n — p transforms s' into a set of gp

substitutions s', s", • • • such that all the products ss', ss", • • • are of order

p or a multiple of p.    Hence

v — 2
£(p - 2 +x) ë—-¡wP.
0„ P      *■

Any one of the last /x — p + 1 letters of s is found in

(ß - p + 1 ) gp
-^p- =  0*  - P + 1 ) fifjH-l

of the substitutions s', s", • • •.    Then

p — 2
(M - p + l)20p+i =pTTlW» " (P _ 2)9p>

or

p - 2
(M -p + 1)20p+iS—-j(n -p)(M -p-f- 1 ) f/p+i,

whence

p-2
M =-Tn

p — 1        p — 1

When applied to quadruply transitive groups this limit is

ß S \n + \,
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and for sextuply transitive groups,

M^fn + ï-

17. The general case may now be very briefly stated. Let the group G be

more than a times transitive, where a is the sum of r ( > 1 ) distinct odd primes,

Pi, Pit • • • > Pr• When the substitution s is given, s', because (?„ is transitive,

may be so written that the first r cycles of ss' are of the orders pi,p2, • • • ,pr.

The substitutions s and s' have TXzr\ (pk — 2) common letters in these first

ïEfei(pii-l) cycles, and x other letters in common. Summing for all

the ga substitutions s', s",

r

E* = (m - E(p* - l))29*+u

and

/, x     fiiPk -D-1

"Vl J      II(p»-i)

r

whence, putting JJ for JJ ( pk — 1),
i

(m - E(P. - I))'S [I^^m - E(P* - 2)] (n - Ep^,

whence
r r

TT - 1 / '      \      r(II+ 1)-Ept        n-Y,Pkr                  TT _ j /         :      \      'UlT^

M -Ep* + r=    W--( n-'£pk\+-jj

Since
r r

« — EPk > m — E (pk — i ),
i i

fliPk-D-l
p > 1—¿-w +

ß - E(p*-i)

II(p*-i)        II(p*-i)i i

Here the condition r > 1 must be taken into account because the coefficient

of (n — St=í Pk)/( M — £*=í (Pk — 1 ) ) is zero when r = 1. Then if a group

is more than 8 or more than 15 times transitive, p exceeds \n or \\n. In

connection with this result it might be well to note that a closer study of our

group G when 16 times transitive has shown that instead of the limit \\n,

the class is actually greater than ffn. Since this appears to be an isolated

result depending on the three primes 3, 5, and 7, I omit the proof.
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18. If G is exactly a — px + p2 + • • • 4- Pr times transitive, pi, p2, • • ■, pT

being distinct odd primes in ascending order of magnitude, r > 1, we can

prove in like manner that

(Ö(pt-i) -i)-\n + r — 1

ß> V

II(P*-l)+Pi-2
i

19. Let G be doubly transitive.*   The substitution s of order 2 and degree

ß ( > 3 ) is one of w conjugates.    Any transposition occurs exactly

wß/n ( n — 1 )

times in this set. The number of possible transpositions in which one letter

is displaced by s and the other is fixed by s is ß (n — ß), so that if y is the

number of substitutions conjugate to s which are not commutative with s,

> 2wß(n - ß)

V =   n(n - 1)   '

Since ß letters may be paired in /x (ju — 1 )/2 ways, the set has Wß(ß — 1 )/2

pairs, and wß(ß — l)/n(n — 1) substitutions of the set have a given pair

in common. Hence if x is the number of letters any one of the w substitutions

has in common with s,

E x = wp2/n,        E x (x ~ 1 ) = wp2(p — 1 )2/n(n — 1 ).
w w

It is assumed that ju is less than n/2.    Neither y nor w — y is zero.    Now

£*2 = £(z-^£z)2 + ^(£z)2,

X^ (        M2Y      Wß2(n - it)2

whence

Since
n2(n - 1)  *

E^^W2,

and therefore

W        ß2Y^wß2(n-p)2 _    (ß_ll\2
¿^V        n)  =  n2(n- 1)       y\2     n ) '

* This page is a brief sketch of the reasoning given in full in the Bulletin of the

American Mathematical Society, 2d series, vol. 20 (1914), pp. 471 ff., which

see, as well as Bochert, 1. c.
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Now

W._¿Ye_!_rWI_¿)TB^_¿í!(;_)1Yi

so that

7¿>M2 ( w — M )2        / M     J"2 Y' 1     y2 ß2 (n        Y

rc2(n - lT _2/V2_h"J  = w - y ~rf \ 2 ~ M J '

whence finally

w(w - m) _ (» -M)2 > /« _    Y

2m « - 1    = \ 2     M j '

On solution this inequality gives

p > fyi — \ \n — \.
Stanford University

August, 1916

Trans. Am. Math. Soe. 31


